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PREFACE

These notes on Analog Simulation have been developed from the experience
gained by the Education and Training Department of EAI in presenting intensive
short courses in analog computer operation, programming, and applications

for nearly a decade.

The objective of these courses has been to provide scientists and engineers
with a working knowledge of the analog computer and its uses. They have pro-
ven to be most effective when lectures and demonstrations are supplemented with
laboratory sessions allowing students to put theory into practice. The solu-
tion of problems on an analog computer, using effective and efficient program-
ming techniques and check-out procedures, has proven to be invaluable in gaining
familiarity both with the machine and its potential as an engineering tool,

Many of the procedures and techniques described in the notes have been used
and found to be effective in EAI Computation Centers throughout the world.

A course in analog computation utilizing these notes could readily meet the
requirements of an accredited, one semester, 3-credit-hour university course.
A course in differential equations as a prerequisite is desirable.

The wide range of application for the analog computer permits the introduc-
tion of actual applications appropriate to courses in all scientific disci-
plines. The EAI Applications Reference Library is a source of a large number
of such studies describing applications in such areas as electronics, chemical
processing, aerospace engineering, and life sciences.

These notes represent the combined efforts of a large number of people within
the EAT organization. Contribution to the notes and the editing were made by
A, I, Katz, 0. Serlin, H. Davidson, and J. J. Kennedy, as well as many others.
Many sections in the notes were derived from material generated by the various
Departments in the Research and Computation Division of EAT.

The editors, in particular, would like to acknowledge the efforts of the sec-
retarial staff, Helen Lynch, Bette Davis, and Ginny Gafgen in helping organize
the typing and production of these notes on a time schedule that was agreed
upon by all as being impossible.
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CHAPTER I

THE ANALOG COMPUTER AND ITS ROLE IN ENGINEERING ANALYSIS

A. Introduction

The role of the electronic, general purpose analog computer in modern-day’
industry best can be explained by considering the concept of engineering de-
sign. When a design is required, one or more engineers or scientists propose
a system which they feel will satisfy the design criteria. Design proposals,
however, involve approximations and estimates and there may not be concrete
agreement as to which design is best. Therefore, some form of evaluation of
the proposed system is desirable,

In evaluating proposed systems or designs, one can, in general, select either
of two paths: an experimental program, or an analytical evaluation of the
system. The experimental approach is usually characterized by a minimum of

of analysis, the construction of a prototype of the system, and considerable
"trial-and-error' experimental work. The objectives are to evaluate the experi-
mental data and suggest appropriate modifications which will result eventually
in an optimum or nearly optimum design. The cost and time required for this
experimental approach are normally much greater than those incurred in an
analytical evaluation. 1In the analytical approach, the task is to derive a set
of equations (a mathematical model) whose solution will describe the behavior
of the system in terms of its geometry, time, and parameters, These solutions
then can be used to obtain operating conditions and parameters which will re-
sult in optimum system performance,

Since the derivation of mathematical models frequently requires approximations,
and the results obtained are often based on limited input data, prototype
experimentation usually is required. However, pilot plants designed on the
basis of extensive analytical investigations frequently are near optimum and
require little or no modification. The only experimental resulks required

are those which validate the mathematical model. Once the model is validated,
additional experimentation can be performed analytically, which results in a
considerable cost reduction compared to the experimental approach.

Not all proposed designs, unfortunately, lend themselves to a choice of evalua-
tion programs. If one cannot obtain a mathematical model, there is no recourse
except an experimental program. On the other hand, if the cost of a prototypg
is prohibitive (e,g. a nuclear reactor),its design is restricted to analysis,
The major considerations in selecting the proper evaluation path are a compro-
mise between cost, time, and objectives.

B. Mathematical Mndels

A system is best described analytically in terms of the causal relationship between
its component parts, such as one would find on a detailed block diagram of the systen
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The analyst then can derive equations for each subsystem, and the set of equa-
tions is the mathematical model for the entire system, The individual equa-
tions are derived from basic mathematics and physical laws such as the conser-
vation of energy, matter, etc, and, at times, from empirical and semi-empirical
equations such as fluid film resistance in heat transfer, The mathematical
model can be a collection of integral or algebraic equations, although differ-
ential equations are most frequently obtained.

Typical examples of equations encountered in practical applications are:

1)

2)

Algebraic and Transcendental Equations, e.g. the effect of
tempercture on physical properties of materials. Thus

k = thermal conductivity of a metal = ko + aT
C, = specific heat of a gas = a + bT + cT2
P
AT
p = viscosity of a fluid = o€

Ordinary Differential Equations, e.g. the kinetics of a chemical
reaction

k1 k,
A ——> 2B —— 3 x

whose mathematical model is

dA

dt - kA
and )
dB _ 2
it ZklA - kZB
3) Partial Differential Equations,e.g. a concentric pipe, heat
exchanger (Figure I-1)
COOLANT
Tw (t,x)
ouT  <=—go Ttx) ’
HOT HOT
N @ — Q To (tyx) A — ouT
R - ﬁ?OLANT

Figure I-1. Simple Heat Exchanger
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whose mathematical model is

BTl BTl

T Tl -%) =0
aT—b(T-T)-b(T-T)
- 282 W 1V w 1
ot

_BT_2+V13——T-2.+a (T—T)=0
dt 2 2 V2 W

where
Tw(t,x) = wall temperature

Tl(t,x) = coolant temperature

Tz(t,x) = primary (hot) fluid temperature

Two types of models, linear or nonlinear, are possible and are a

measure of the complexity of the system. Simple linear models are 'micer"
since they lend themselves to rapid analytical solutions. Unfortunately, be-
cause of the interaction of physical laws, the need for semi-empirical or em-
pirical equations to des¢ribe this interaction, and the nature of most physical
systems themselves, the majority of the mathematical models encountered in
practice are nonlinear. This is unfortunate because little is known about the
analytical solutions to nonlinear equations, and those solutions that are
obtained are usually difficult to interpret and evaluate. If a system is
nonlinear, its behavior is a function of its initial conditions, which makes
its analysis even more essential if optimum performance is desired.

C. Solving Mathematical Models

Solutions of mathematical models can be obtained analytically by classical
methods, numerical methods, or by electronic computation.

Classical solutions of simple models are possible if the model is composed of
ordinary linear and/or partial differential equations and certain classes of
non-linear differential equations. Frequently, this technique can be applied

to limiting cases of complex models if approximations are acceptable., Analyti-
cal solutions for nonlinear models are rare, and, hence, variable substitutions
are made to linearize the model as required. Depending upon the model and the
results required of a study, phase-plane techniques may be applicable., Un-
fortunately, as was previously mentioned, linear systems seldom arise in prac-
tice and classical solutions are usually reserved for limiting cases and linear-
ized approximations.



Numerical solutions involve the transformation of a mathematical model into
a set of algebraic equations by replacing all derivatives in the model with
appropriate algebraic, finite difference approximations, The resultant set
of algebraic equations is then solved simultaneously to affect a solution,
This technique not only is time consuming but may suffer from accuracy, sta-
bility and convergence problems,

To illustrate the classical and numerical solutions for a differential equa-
tion, consider the problem of a solvent tank (Figure I-2) which can be filled
by two feed streams (Q1 and Q2) in 4 and 5 hours respectively. Two drain
pipes, D1 and D2,

Figure I-2, Solvent Tank System

can empty the tank in 3axd 6 hours respectively, If the tank is half full
and all feed and effluent streams are used will the tank fill, empty, or
reach steady-state? How long will it take?

The mathematical model for the tank is the nonlinear differential equation

dy _ .

gt = 0.45 -y (1)
where

y = h/ho (2)

The analytical solution of this equation, which can easily be obtained by
consulting a table of integrals, is,



dy
. 2udy
j 0.45-y% j 0.45-p ¢ (3)
1 -

or,
0.45 %

045W+2°[—r)"t @)

0.9 1n

The obvious difficulty in applying this equation is that y, the level in the
tank, does not appear as an explicit function of time, t. Even though we have
an analytical solution, considerable effort is still required to produce a
useful relation between y and t, say, in the form of a graph. The eventual
height of the solvent in the tank will be the steady-state solution, Ygs of
equation (1) ( obtainedby letting dy/dt equal zero)

= (0.45)% = 0.203 (5)

The time required to reach this height in theory is infinite; therefore, a
practical value of the steady state time must be obtained graphically from a
plot of y versus t.

Since the time required to attain the equilibrium height also can be obtained
from a numerical solution of equation (1), 1let us now consider this method of
solution,

Integrating equation (1) one obtains
bl

t

1/
= 0.45 t f y* dt +y_ (6)
(o]

where the initial value of y, y_ 1is 0.500., Recalling that integration is
the area under a curve, Figure [-3, equation (6) can be rewritten in terms
of finite or discrete intervals of time:

n=c
) 1
= - ]
Y, =Y, + 0.45 nA t E Y1 ‘At 7
n=1
where
t=n At (8)

The accuracy of the solution obtained from this equation depends on the magni-
tude of the time interval (accuracy increases as A t decreases).



FUNCTION
OF TIME
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0450

t 1o
INTEGRAL
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A

t

0.45[&
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Figure I-3 TIllustrations of Numerical Integration



Equation (7) is solved in the following meanez, aftey ah Lox bieou selected,
at say 0.5 hours,
1) Compute y§~l (yO is known and is used g8 o starvivg poeint)
1,
2 o &
) Compute Vi ,At .
p
3) Compute vy At
=1 n-1

4) Compute 0,45 nAt

5) Compute Yy

6) Let n =n + 1 and return te step 1.

Results obtained from both the numericzl and snalytical solutions are shown
in Figure I-4,

0.5
©  NUMERICAL RESULTS
{0 ANALYTICAL RESULTS
0.4
_h
03
0.2 ———e oot
| 2 3 4 45
TIME IN HOURS
Figure I-4 Numerical Solution of Solvent Tank Problem



From the curve shown in Figure I-4, it is apparent that the tank (Figure I-2)
will fill and reach equilibrium in approximately 4.5 hours. It should be noted
that an increase in the accuracy of the numerical solution would have required
additional computations and, hence, increased computation time, The same
procedure would have been followed for a smaller increment of time, At. The
error of the numerical solution is indicated by comparison to analytical re-
sults obtained from equation (4). Computer solutions are best understood
after an explanation of the type and methods of computer operation is pre-
sented. However, it is convenient to point out at this time that the numeri-
cal solution illustrated above is typical of digital computer solutions and
the itemized instructions are typical of a digital computer flow chart.

If one considers a flow diagram for the solution of equation (6), which is
shown in Figure I-5, insight to the analog computer solution can be obtained.
It will be shown later that the analog computer is composed of components
which perform the mathematical operations described in Figure I-5.

t

t
o.45fdf
0

045 —m dt

0
—
oyl(t)
Yo — —»
—
t
1
yI/Z(f) ﬁj;Vde
5 dt 0
172
y
N e
Figure I-5: Flow Diagram of §olvent Tank
Solution

At this point, the justification for using computers can be considered.

In our modern society, machinery of various sorts has relieved human muscle
from a great deal of routine and repetitive operation. 1In doing so, it has
multiplied the effectiveness of that human muscle both in industry and in the
home.

The computer has performed a similar service for the mind essentially by
mechanizing routine mental processes, leaving the mind free to examine new
problem areas. Studies of the behavior of entire complex systems can be
performed with great speed and, consequently, our actual knowledge of complex
systems has increased greatly, Equally important, our capacity for control and
prediction, and for insight into these complex systems also has been extended.
The influence of the computer on our common life, therefore, lies in its con-
tribution, in the broadest sense, to science and technology.

Investigations in science and engineering can be carried out on a scale un-
heard of only one or two decades ago. Scientific principles and models can
be verified against experimental facts at small cost, without hazard and with
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considerable flexibility. Thus, new areas of scientific knowledge have been
established and will continue to grow as a result of research and development
performed on computers.

D. Computer History and Characteristics

A computer is a device that is able to receive information (equations, instruc-
tions, data, etc.) and process it in a predetermined manner to obtain useable
results,

For example, a human being may be a computer. He can take information in
through his senses, use principles stored in his memory to process or perform
operations on this information in many ways, and produce an answer, perhaps
in the form of an action.

Similarly, a machine may be able to accept information of a suitable form,
receive instructions on how to operate on this information, perform the re-
quired operations, and give the answers, Machines may take many forms vary-
ing from simple beads on a frame to the incredibly complex, expensive and
highly sophisticated modern machines,

1., Early Computers---The history of computing devices may well extend to the
very beginning of civilization. For our purposes, they can be divided into
two categories (see Figure I-6):

O Mathematical instruments, the more complex of which are known
as analog computers, These are exemplified in simple form by
the slide rule.

¢ Calculating machines, more often known as digital computers.
These can be represented simply by the desk calculator.

Farly forms of digital computations could be considered to exist when man
first started to use his fingers or pebbles for counting.

The earliest known record of analog computation is its use in surveying and
map making for the purpose of taxation (Babylonia, 3800 BC). The earliest
digital machine is probably the Abacus. 1In its early form, it consisted of

a clay board with grooves in which pebbles were placed. It later appeared

in the form of a wire frame with beads., It is still used extensively in Asia
and the East for remarkably rapid calculations.

The development of computational aids can be traced from these early instru-
ments through the invention of logarithms, slide rules, linkages, analytical
engines, and desk calculators to the large-scale general-purpose machines of
the present day.

The first large-scale general-purpose digital computer was completed at Harvard
in 1944, This machine, the Harvard Mark I Calculator, was built jointly by
IBM and Harvard, and used electromechanical relays. The Moore School of
Engineering also completed its all-electronic digital computer for the Aberdeen
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Proving Grounds in 1944, This machine, the ENIAC, which contained 18000
vacuum tubes, now has many direct descendents,

Mechanical integrating devices of the late 19th century were improved on
during World War I, when Hannibal Ford increased the torque output of the
ball-and-disc integrator and used it to make a naval gun fire computer.
This was followed by more experimentation in the 1920's.

At M,I.,T., Dr. Vannevar Bush completed the first large-scale mechanical
differential analyzer in 1931, This machine is now installed at Wayne
University in Detroit where it is still being used effectively., At the
present time, there are several large scale mechanical machines in opera-
tion., Simultaneous equation solvers and harmonic analyzers of many types
also appeared in the 1930's,

Special computers, in the form of network analyzers for the simulation of
power networks, appeared around 1925, The network analyzer is a passive
element analog. A scale model of the particular network to be studied is made
with resistors, capacitors, etc. The early network analyzers could be used

to investigate only steady state problems; that is, voltage drops along

lines, possible current flow in lines, etc. The most recent network analyzers
can be used to investigate transient conditions during faults on networks or
switching on networks. These may be considered to be true general-purpose
computers,

2., Analog and Digital Gomputers---In digital computers, numbers are oper-
ated upon directly, The basic operation in these machines is counting. This
enables the machine to perform the four fundamental operations of arithmetic,
addition, subtraction, multiplication and division. The basic operation of
any digital computer is similar to that of the abacus where numbers are repre-
sented by.beads and the counting of these beads is the basis of addition and
subtraction, In digital computers, all mathematical calculations depend ul-
timately on counting, whether it be beads, gear teeth, or electrical pulses.

In analog machines, numbers are represented by physical quantities whose
magnitude is determined by the magnitude of the number, Mathematical
operations are represented by physical events; that is, the machines do not
count, but perform continuous manipulations equivalent to the mathematical
operation required. The result of these manipulations is another physical
quantity, whose magnitude and behavior represents the solution to the pro-
blem.

Probably the most useful example of the analog computer is the slide rule,
Here, to multiply one number by another, the discrete numbers are converted
to logarithms, the logarithms are converted to linear distances on sticks
which, when placed end to end (i.e. added together--the continuous operation
in this case), give another length representing the product of the numbers,
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There exists on the analog a complete analogy between the physical quantities,
events, and the mathematical numbers and manipulations, If many events are
taking place at the same time in the physical world, they will also take place
at the same time, or in parallel, on the machine. An analog device will, con-
sequently, arrive at a result in a shorter time than a digital machine which
must perform all its operations serially.

The precision of a digital machine is theoretically boundless. To increase by
ten the precision of a decimal counting device, it is a matter simply of accomo-
dating one more place (decimal) throughout the equipment. However, to achieve
the same end on the analog, e.g. the slide rule, the length of the slide rule
would have to increase by a factor of ten. This is not always practicable.

Analog devices, are characterized by continuous operations performed in parallel,
as opposed to digital machines which are discrete, serial devices. The analog
solutions are obtained in a continuous manner since all parts of these devices
operate simultaneously,

3. General Purpose Analog Computers---We have said that in analog devices
numbers are represented by physical quantities. Theoretically, any physical
quantity may be used as long as it can be made to obey those laws necessary
to represent the mathematical relationships involved in the original problem,
Purely electrical relationships, which have the mechanical advantage of no
moving parts and, a high speed of operation, have been found most suitable
for analog devices,

The introduction of the operational amplifier made possible the newest class
of general purpose analog computers using voltages as the 'physical quantity'.

Lovell of Bell Telephone Laboratories is generally credited with the introduc-
tion of the operational amplifier during the Second World War. These ampli-
fiers can be divided into two groups, those which operate on a-c voltages and
those which operate on d-c voltages. The a-c amplifiers exhibit certain dif-
fieulties and do not lend themselves to any direct form of integration,
Therefore, only d-c amplifiers are considered in these notes since they are
most common in commercially available general purpose analog computers,

E. Industrial Uses of the Analog Computer

As a result of the tremendous competition in industry following World War II,
more economical designs and more thorough evaluations were needed. The con-
cept of a fully automated plant, or system, operating at an economic optimum,
demanded from the engineer a more extensive knowledge of each element, and
its behavior, The engineers, in turn, demanded a more complete analysis of
mechanisms and transport properties from the basic research scientists,

It is important, at this point, to state the range of the computer's useful-
ness, and to delineate those areas where it is not suited.
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1. 1Initial Research and Development---The initial work in development
usually takes place in the laboratory where bench-scale studies, thermodynamic
calculations of feasibility and other preliminary calculations are made. Be-
cause this stage of the work is so intimately concerned with mechanisms, most
of which are dynamic in nature, the use of the computer is particularly advan-
tageous, Consider, for example, the determination of chemical reaction velo=-
city constants, A series of isothermal batch reactions may be run and data
collected on the compositions of the various components as functions of time.
A kinetic model then is assumed, i,e., the orders of the various reactions

are estimated, and programmed on the computer,

The problem is one of matching the results of the computer with the data from
the test runs. Different reaction velocity constants can be tried or differ-
ent models assumed until a good match is obtained. 1In this way, a reliable
model of the isothermal chemical kinetics is quickly obtained.

The laboratory work then may be extended to include temperature changes and,
possibly, other types of reactors. The computer is used in each step to
simulate the mechanisms, check the model and the assumptions, and obtain
system  paraméters for design purposes.

2, 1Intermediate Development---The use of the analog computer in the prototype
stage of development represents a powerful tool for improving the overall
efficiency of the development procedure, By combining the philosophy of model
building with the philosophy of simulation, a complete study of a component
or system can be obtained, The conditions of optimum operation can be deter-
mined and quickly evaluated over a wider range of variables than is often
possible with the hardware or plant itself.

Consider, for example, a development program in which a pilot plant is simu-
lated with an analog computer. In order to achieve a meaningful simulation,
certain basic facts must be known, and these are found from preliminary pilot
plant or bench-scale data, Certain heat-transfer coefficients or diffusion
constants might, for example, be determined from specific tests in the pilot
unit. The simulation then is checked against normal operating data obtained
from the plant on the computer where "runs'" can be made in a more economical
fashion.

Three areas of study thus are defined. 1In the initial phase of investigation
it can be seen that the knowledge gained is, perhaps, not immediately useful
as design data. The second phase is equivalent to normal operation, except
that the computer is added and the model obtained. Finally, the parallel
operation of computer and pilot plant, or prototype, results in a greater
amount of information at a substantial decrease in cost and time, since the
simulated plant runs faster than the actual plant and does not require any
raw materials,
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3. Final Development---After pilot plant work is completed, final design
calculations are undertaken, Most design calculations are based upon a steady-
state type of operation and, hence, are primarily algebraic equations. In

many such cases--for example, multicomponent distillation calculations, heat
exchanger sizes and capacities, vessel specifications, structural rigidity, etc.--
complete digital computer programs have been worked out. 1In such cases, even
though the analog is capable of solution, it is obvious that the digital com-
puter should be used if available,

One of the areas in which the analog computer is particularly applicable is

the choice of process instrumentation and control. The large amount of work
that has taken place in control engineering recently, in fact, is an excellent
illustration of the fact that, while design may be steady-state, the operation
of a process is always dynamic. With the analog computer model of a process,

the interrelation of its various unit operations can be examined easily, suitable
control systems can be tested, and the proper settings on controllers determined.
In most cases, the control system itself is simulated; in others, the con-
trollers to be used in the plant are connected directly to the computer., The
use of the analog computer in such applications is expanding rapidly, and is
one of the primary means the process engineer has available to improve process
efficiency.,

The last step in the development of a process is start-up--often a difficult
and expensive task, If a computer model has been determined, the proper
values of the flow rates and other variables can be tested under different
start-up conditions, and the optimum ones selected. In many cases, an appro-
priate start-up procedure for a plant can be determined long before the unit
is ready for operation,

4, Post Development Work---After a plant is running satisfactorily, the
computer model can be adjusted to match the particular idiosyncrasies of the
unit, ‘

Further experimentation is then possible with the computer. As with the pilot
plant, the real plant can be tested for different optimum conditions. The
economics of the operation can be investigated under changing values of the
products, The range of operation can be extended to determine some of the
safety precautions to be observed in the plant., Finally, the computer model
can be tested for use of the equipment with different materials, reactions,
etc.,in the event that a changeover ever became necessary.

It is interesting to note that these suggested areas of application are not
aimed at replacing with the analog computer important procedures in the stan-
dard process development program. Rather, they supplement the ways and means
by which decisions can be made. Thus, in the pilot plant simulation, it was
necessary to retain the pilot plant as a check on the simulation, but the simu-
lation could be extrapolated outside the range of the actual plant capabilities,

The general program involving the analog computer in the process development
scheme is characterized by the high rate of information exchange between
experiment and simulation. Such a program shows a great improvement over the
usual procedures because at no time does it become necessary for the develop-
ment program to become "boxed in" by previous studies. The computer provides

-14-



an economical means for the complete evaluation of the investigation, since
these studies are brought into focus, gaps in data are filled and predictions
of major importance are obtainable,

5. Inappropriate Areas for the Analog Computer---As mentioned previously,
steady-state algebraic equations, can be and have been solved on the analog
computer., As a general rule, however, large scale algebraic problems are
better solved with a digital computer.

In general, problems involving high accuracy are not suitable for the analog
computer, Some perturbation schemes have been developed for handling problems
up to five and six places but only certain problems can be solved in this way.
Under ordinary circumstances, the computer is adcurate to about 0.1% for small
simulations, and, depending on the type of problem, may range from 0.5% to 1.0%
or more for very large simulations. Most engineering data, however. are not
that accurate, For example, heat transfer coefficients, and reaction velocity
constants and modules of elasticity, are usually in the 5% to 20% range of
accuracy., Consequently, the computation accuracy is usually not a problem,

Specific Illustrations of Analog Computer Applications

The above discussion has been of 2 general nature. However, a selected
bibliography of computer applications , categorized by specific industrial
areas, is presented in Appendix D.
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CHAPTER II

THE GENERAL PURPOSE ANALOG COMPUTER

A, Introduction

Analog computers have been constructed in a number of forms which, by defini-
tion, appeal to the similarity between the laws of nature. For example, cor-
sider the analogy between mechanical, electrical and thermal systems:

dv
dt

F = g Foxce Acting on a Mass

de
dt

i=2¢C Current Flow Through a Capacitor

Q = WC dI Heat Flow into a Solid
dt

The similarity in mathematical form among these expressions, with the addi-
tion of suitable scale factors, allows the heat flow into a solid to be in-
vestigated using an electrical circuit or mechanical system,

This similarity permits the translation of a problem in a given physical
system,..a problem for which computations would be difficult, a system for
which test models would be expensive and inflexible..into another physical
system where relatively cheap models with easily varied parameters can be
constructed, The physical forms that have been used for models include
mechanical, hydraulic, electrostatic, etc. By far the most useful and versa-
tile, however, is the electrical system.

When one uses an electrical system, it is usual for voltages to represent

the physical variables. Variation of these voltages with time, under the in-
fluence of forcing functions, corresponds directly, through scaling factors,
to the variation with time of the original problem variables under the action
of the original problem forces. Models using electrical elements can take a
number of forms. However, for our present purposes, we shall restrict our
attention to just one of these forms, namely, the "Electronic Differential
Analyzer", It is this kind of physical model that normally is implied when
talking of the general-purpose analog computer (GPAC).

The general-purpose analog computer is an assembly of electronic and electro-
mechanical components which, individually using d-c voltages as variables, can
perform specific’ mathematical operations. The equations most suitable for
solution on such a computer are ordinary differential equations containing

one independent variable which is represented by time in the computer. Partial
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differential equations also can be solved by the analog computer using some-
what more advanced techniques than those required for the solution of ordinary
differential equations,

Before discussing programming of the analog computer for the solution of
physical problems, it is essential, for effective use of the computer, that
a familiarity be gained with:

1) the principle of operation, and the capability of individual
computer components

2) the theory of operation and control of the computer itself
and

3) the available computational accessories and readout devices.

The presentation of this material is the purpose of this chapter,

B. Differences between Analog Computers

From Figures II-1, II-2, and II-3, it is obvious that analog computers differ
in physical appearance. The basic differences, however, lie much deeper.
Computers differ also in:

1) Capacity...the number of computing components

2) Capability...the quality of computing components and the
operations they perform

3) Reference Voltage Level.,.the operating voltage range of
the computer:

1+ 10 or + 100 volts is typical

4) Convenience Factors...operator control, the accessibility of
equipment, and others, some of which are less meaningful.

Since the basic principles of operation of all d-c general purpose analog
computers are similar, the material presented in this chapter is applicable
to any GPAC computing system.

Modern analog computers are equipped with removable patch panels which contain
the input, output and control terminations of the various analog components in
a computer system. The input and output terminations of the components are
connected in a particular configuration which is defined by the problem being
solved, The control termination connections depend upon the mathematical
operation required of a particular component, and the manufacturers method of
implementing the operating principles of that component . The term "patching"
refers to the inter-connection of patch panel termination.

Specific patching information for a particular computing system can be obtained
from the manufacturer's reference handbook for the computer,
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Figure II-1: All-Solid-State, Desk-Top PACE TR-20 Analog Computer
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Figure II-2: PACE TR-48 Medium Size Desk Top Analog Computer
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8880 DISPLAY UNIT
OSCILLOSCOPE MODULE

ANALOG CONSOLE
/ (8810,8811 OR 8812)

5880 DISPLAY UNIT
CONTROL MODULE

8860 LINE PRINTER 8875

STRIP—CHART

8850 X-Y PLOTTER RECORDER

Figure II-3: Large-Scale EAI 8800 General Purpose Analog/Hybrid Computer
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Recommended programming symbols for the various components described in this
chapter are summarized on Pages 30-31 of this volume. These symbols may re-
quire slight modification to indicate specific component interconmections for
a particular computing system.

C. Classification of Analog Components

Analog computer components, each of which performs a specific mathematical
operation, are classified either as linear or nonlinear components. The linear
components perform the mathematical operations of

1) multiplication by a constant

2) inversion

3) algebraic summation

4) continuous integration.

These operations are sufficient to solve linear differential equations with
constant coefficients,

The mathematical operations performed by nonlinear components are

1) multiplication and division of variables

2) the generation of arbitrary functionms

3) the mechanization of constraints and elementary logic operations,
These components, together with the linear components, permit the analog

computer to simulate the complex nonlinear systems which occur in practice,

1, LINEAR COMPONENTS

a, Attenuators---Multiplication of a d-c voltage by a positive constant
which is less than unity is accomplished by a potentiometer or pot,
also called an attenuator. This device, shown in Figure II-4, is
simply a fixed resistor with a movable wiper arm, Carbon or wire
wound resistances which, for greater accuracy, have multiturn wiper
arms are used in most computers.

Two types of pots, "grounded" and "ungrounded! are used in modern

analog computers. These names are derived from the termination at
the bottom, or "LO" end, of the pot, as shown in the figure. The

total resistance of a pot is of the order of 2,000 to 30,000 ohms

and depends on the design of the computer,

Grounded potentiometers are used in conjunction with a reference
voltage (a constant voltage source equal to the upper limit of the
computefb operating voltage range) to obtain a fixed voltage less
than reference voltage, or to multiply a problem variable by a

coms tant less than unity. The input to the potentiometer is applied
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X
—O kX k
RT X ) kX
R, R \/
i kl —!—
= Ry
GROUNDED POT
GROUNDED POT SCHEMATIC PROGRAMMER SYMBOL
X
HI
X HI
R k
T K (X-Y)+Y >—
s ( ) ‘ <; k(x-y)+y
| R Lo
Y 4 k= Ry
LO Y
UNGROUNDED POT
UNGROUNDED POT SCHEMATIC PROGRAMMER SYMBOL

Figure II-4: Potentiometer Schematic Diagram and Programming Symbols

-22-



Unloaded , in=+IOV A
eo = |o(—') = 10k
Ry

If RI‘ = 5KQ and R, = 4KQ, then k = 0.800

1
and eo = 8.00 volts.

Loaded } i l
n

ein’ +IOV
R
T
} Ry R,

If RT 5KQ, R = 4KQ, and R L= 10KQ, then

. (R /R})
1+ (Ry/Rp) (1 - Ry/Ry)
e R
and e = +7.41 volts. Thus, —> 4 L=
€in RT

Figure II-5: Potentiometer Loading
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at its top or "HI" end, and the resultant output is obtained through
the wiper arm.

Figure II-4 shows programmer symbols for both grounded and
ungrounded pots.

The ungrounded pot has special applications in addition to the
attenuation of two variables, indicated in Figure II-4, which will
be discussed in later chapters.

Normally, an analog computer will contain one and one-half as many
pots as it has amplifiers, and 807 of these will usually be grounded.

i. Loading and Setting of Attenuators---the potentiometers shown in
Figure II-4 are "unloaded" which means that no current is being
drawn through the wiper arm (i.e. they are feeding an infinite
resistance-open circuit). Therefore, the mechanical ratio,
R1/RT’ which can be set by a calibrated dial, is equal to its

electrical ratio, eo/ein' However, this is not the case when

the infinite load is replaced by a finite load as shown in
Figure II-5.

In practice, the wiper arm of a pot will be "looking into" a

load ranging from 103 to 106 ohms since a potentiometer generally -
feeds resistor inputs to operational amplifiers. The effect of a
10K* resistive load on a 5K pot set at 4/5 is shown in Figure II-5,

In order to eliminate the effects of loading, potentiometers are
set by monitoring the wiper voltage while the pot is 'feeding"
its normal load. In this way, it is possible to set potentio-
meters to three or four places depending upon the precision of
the monitoring device,

In most computers, each potentiometer has switching associated
with it similar to that shown in Figure II-6, below:

TO PRE-PATCH PANEL
HI  TERMINATION

"—O-'
TO REFERENCE ¢— " |
VOLTAGE
» TO WIPER PATCH PANEL
TERMINATION AND LOAD
o TO READOUT SELECTOR SYS.

Figure II-6

#In these Notes, the following notation is used:

g =103, m=10% m=103 and b = 1076



When the switch is thrown, the patched input to the pot is replaced
by a reference voltage, and the loaded wiper arm is connected to a
monitoring device via a readout selector system, The readout device
can be either a high impedance, digital voltmeter (DVM) or a null
meter,

The more sophisticated analog computer systems have digitally-set
pots, Here, the potentiometer is selected through a pushbutton
system, and then is set by a servo device also controlled by push
buttons,

b, Operational Amplifiers---The operational amplifier is the basic unit
in the analog computer, It can be used in a "summing mode" to perform
any or all of the three linear operations: inversion, summation, and
multiplication by a constant., It also can be used in an "integrating
mode' to integrate a voltage or the sum of a number of voltages with
respect to time,

Analog computer programs for investigating the behavior of physical
systems require some operational amplifiers to be used as integrators,

while otherg are used as "summers," '"inverters," "high gain
amplifiers, ' or in conjunction with special networks to perform

nonlinear operations. Therefore, it is not necessary for all of the
amplifiers to perform as int egrators. In modern analog computers, a
typical amplifier breakdown would be:

1) combination amplifiers capable of performing integration,
summation or inversion,,..30%

2) summing amplifiers capable of performing summation and
inversion...45%

3) inverting amplifiers, capable of performing inversion only...25%

i. Inversion and Multiplication by a Constant...to understand the
principle of the operational amplifier, comsider the circuit

Re
MMM
—is
R
I s
AMMN— @ b{>—‘ |
S it g T
n 'p
Cin 8p %o

l ' l ‘-l-‘REFERENCE LEVEL

Figure II-7., Simple Amplifier Circuit

*
In this circuit, the input, e > summing junction, e, , and output voltages,
e , are referred to a reference level, such as grouna. However, in the

interest of simplicity, future circuits will omit the reference level terminal

and consider it to be grounded, The gain of the amplifier, -A, will also be
omitted in future circuit diagrams.
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where a high gain d-c amplifier (gain = -A) has a feedback resistor,
Re, and an input resistor, Ry (Figure II-7). The d-c amplifier is

designed so that
1) the amplifier output, e , is related to the summing junction
. O . s .
voltage eys by the gain of the amplifier (i.e.,
e, = ~-A ey
within the reference voltage range of the computer),

2) the amplifier draws negligible current, ib a‘10-9 amps, and

3) the gain of the amplifier is extremely high,
usually on the order of 108 at d-c.

Using Kirchhoff's laws, the nodal current equation at the summing junction,
SJ, is

or, from Ohm's law,

Since ib >0, it can be neglected. Replacing ey by 52 we obtain:

e.
_in
By

1 %(%+1)

Since the ratio of RF to RI usually is less than thirty, and A is much

greater than 1,
i e
o RI ®in
From this equation we can see a most important characteristic of the

operational amplifer: The input-output relationship is solely dependent
on the ratio of the feedback to the input impedances (resistances).

Using this equation as a basis for discussion, some of the various uses
of the operational amplifier can be illustrated.

When both resistors are of equal magnitude, R, the amplifier output
voltage has the same amplitude as the input voltage but is of the
opposite polarity, Thus, the mathematical operation of inversion is
performed:
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If the resistors are not of equal magnitude, the result is multi-
plication of the input by a constant, For example, if RF were 1M
and RI were 100K,

1M

e = -——p¢g, == e, =-10ce,
o RI in 0.1M "in in
or. if the resistance ratio is inverted,
e,
e = . _in
o 10

ii., Summation---the addition of two parallel input resistors to the previous

circuit, yields RF
O' > 2'A'A i‘ﬂ
s o A 4+ €0
Ry iz—» T T
eze M~ — Figure II-8.b Summing Amplifier Circuit

And, the SJ node equation,
i + i, + 13 + i - ib =0

Using Ohm's law, this equation becomes

- €

Since ey and ib = 0, we have

o -E.Iel +-§-2—e2+-R—3€3.
If the number of input resistors is increased to, say, N, the generalized
summer equation becomes

[

(2)

e

=-&e+—e+ ----- +—e 3)
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iii, Integration---when the feedback resistor used in previous circuits
is replaced by a capacitor, the amplifier circuit for a single
input becomes (Figure II-9)

Y LY
AR
—I¢
1 e
e o Ay Lb \/> ot
— > %n s d
'b

Figure II-9, Simple Integrator Circuit

The relations among capacitance, voltage drop, and current for
a capacitor with no initial charge is:

Thus, the voltage drop, e, - €, across the feedback capacitor can

be expressed as

eo-eb=%f1fdt
o
which can be differentiated to obtain an equation for if
te = Ol e, - o)
A current summatimat SJ (eb ==O,‘i.b=>()) is now
Siny oo g
RI dt
whose solution is
R [, o @)
o

We now have a device which can perform the operation of integration
(with respect to time) on an input voltage.

For multiple resistor inputs, the integrator output is described by
the equation:

t
e e

= . 1 2 °N
€ fo[RF:' +§C F e +RI\I-E] dt (5)

It should be noted that the amplifier output voltage in this instance
is the integral of the algebraic sum of the input voltages.
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iv. Generalized Amplifier Equations---if one defines the impedance, Z,
a passive element as

z = E
I
where E is the voltage drop across the element, and I is the

current passing through it, the input-output expression for the
generalized circuit (Figure II-10)is:

Figure II-10: Generalized Amplifier Circuit

For a multiple input amplifier circuit (Figure II-11),

020——“‘l_z_2_ SJ /\> %

of:

Figure II-11: Generalized Multiple Input Amplifier

Circuit,

*For simplicity further reference to e;(t), Zi(t), etc. will be considered

as functions of time and will be noted simply as ej, Z
cated otherwise.
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the input-output relationship is

n=N 3z VA Z Z
= o F
o n 2y 2 N
n=1

The impedance of a resistor is equal to its resistance in ohms

R = R. )

The impedance of a capacitor is time dependent. Recalling that the
voltage drop across a capacitor is

t
e = 2 J1ae
o
and defining the operators ¢
d 1
= — - = dt the
P at and ? jo ’

relation between voltage and current for a capacitor is

e = i

pC

Since impedance is defined as the ratioc of voltage drop to current,
the capacitor impedance is

1
Z. = c (8)

v. Programming Symbols---before illustrating the programming symbols
for the circuits just presented, it is important that one realizes
how amplifiers and their associated passive elements are packaged
in modern day computers. Each amplifier has associated with it an
input network (resistors) and a feedback capacitor and/or resistor.

The input resistors are not equal in magnitude. Normally, one
finds the input network containing from four to six resistors of
two different magnitudes. For example, a six resistor input
network may have three 0.1M and three 1M resistors.,

The symbol used for a high gain d-c amplifier is simply
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An inverter

. N .
b \b’/,/'"

eil‘l e €0

whose overall gain is unity because it has identical input and feed-
back resistors, is denoted by the programming symbol

)
in

%

V4

If the passive elements were not identical the symbol would be

G
€in :::::> o
Re
where G is the resistance ratio — ,

B

In the case of summing amplifiers which can have multiple inputs,
the programming symbol is

Gy
e| 5
e, —=2 €
e Gs
3
Rp | R
where G, == , G, =<, and G, = =
1 R1 2 R2 3 R3

The symbol for an integrator, where G = 1/RIC,
C

differs from that of a summer by a small rectangle which is adjacent
to the base of the triangle. For multiple inputs, the symbol for an
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integrator becomes:

V.
G,
*—
[ ] 2 e
2 G o)
°3

- 1 = 1 S ;
where G1 = o’ G2 = Ro’ and G3 = The Vo input to the top of

1 2 R, C

the integrator represents the initial value of e s OF initial charge on

the feedback capacitor, which will be discussed in the next section of
this chapter.

Finally, one may have occasion to use a high gain amplifier with an
input network but without a feedback element

¢
[}
Ra o
2
This is commonly represented by the symbol
. ‘ Gl
G
2
®2

where G; and G, are inversely proportional to the size of the input
resistors.

To coordinate the packaging of amplifiers and passive elements with
the symbols just presented, it must be realized that the input termi-
nations of the input networks usually are not labeled with the magni-
tude of the input resistors. They are labeled, rather 6 with gain
factors which are based on standard feedback resistors and capacitors
selected by the computer manufacturer for a specific computer system.
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For example, consider the input or patch panel terminations for a
PACE TR-48 computer shown in Figure II-12. Each input labeled 10
is a 10K resistor. and each input labeled 1 is a 100K resistor.

Therefore, the standard feedback resistor for this system must be
100K.

It follows, then, that if this notation is to be used throughout
this computing system, the standard integrating capacitor must be
10 ¥f (1/RC = 1, 10 for 100K and 10K input resistors respectively).
Patching details are a function of the specific computer.

|
X1 , 8 ~(X| + X+ I0X3+10X 4)
x;' 0| ACO

o Y5 —)

DUAL DC

AMPL 6514 "

Figure II-12: Summer Amplifier Patching
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vi. Drift

D-C amplifiers show a tendency to drift.* That is, the output does

not necessarily remain steady and, in particular, does not necessarily
remain zero for zero input. This is due to changing characteristics
within the amplifier and, particularly, to changes in the first stage
of the amplifier. It is a most undesirable feature and can lead to
serious errors. To compensate for drift which might occur (i.e., to
stabilize the d-c amplifier,) an a-c amplifier is used as shown in
Figure II-13.

Z¢

D-C %

AMPLIFIER

A-C _ :
STABILIZING e O—NMr-
AMPLIFIER T o

e

Figure II-13.

The effect of the a-c stabilizer is to increase the overall d-c gain
of the amplifier and further attenuate the drift of the operational
amplifier by a factor equal to the gain of the a-c amplifier.

vii. Overload Indication -- If the amplifier is overloaded (required out-
put current or voltage is greater than design capabilities, e, # 0, etc.)
the overload signal connected to the output of the a-c amplifier is ex-
cited, This overload indicator ensures that the computer is nat used
when errors exist due to operating the amplifiers beyond their capa-
cities,

+ For a complete analysis of stabilization of the d-c amplifier,
see "Introduction to Analogue Computers' by C.A.A. Wass, pages
76-89. : : S
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C.

Computer Mode Controls -- The operator controls the mode of operation
of the analog computer from push buttons or switches located on the
control panel of the computer. The modes of computer operation are
classified as follows: :

computational modes

Pot Set (PS)
Reset (RS or IC)
Hold (HD)
Operate (OP)

check modes

Static Check (ST)
Rate Test = (RT)

slave modes

Slave (SL) -
Tape (TP) -
special

Repetitive Operation (RO)

A mode control panel which incorporates most of these modes is shown
in Figure II-14.

The Operate, Hold and Reset modes are the basic modes required for
operation of an analog computer. The additional modes mentioned
above are for operator convenience in large computing systems.

i.

Integrator Control Switches —~analog computer control is accomplished

by switches in the integrator circuitry since the integrator is the
only dynamic element in the computer. All other components are
static in the sense that their output is directly related to their
input at all times. A simplified schematic diagram (Figure II-15)
of an integrator includes input, feedback and initial condition

(I. C.) networks, as well as Operate/Hold and Reset (I. C.) switches.

The IC switch is used to charge the integrator capacitor
through the I. C. network to introduce an initial condition on

the output of the integrator. The operate-hold (OP-HD) switch,
in effect, starts and stops integration since problem variables

can not be summed and integrated unless the input network is
connected to the amplifier. Note that this switch separates the
inputs e to the amplifier from the input terminal, b, of the

d-c amplifier.

Réferfing to Figure II-16, consider the modes of operation and
switch positions.
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I1/0 |ANLG | ANLG | DIG RE~-
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Figure II-14: Mode Control and Signal Selection Panel (EAI 8800 Computer)
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Figure II-15: Simplified Integrator Schematic
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ii. Pot Set Mode -- to solve a problem on the analog computer the

iii.

operator first must introduce the system parameters by setting
attenuators. In most computers this is done in the pot set mode;
however, in a few computers this function is performed in the
reset mode. In the pot set mode, either the reference voltage
terminals on the patch panel are de-energized, or the amplifiers
are set to zero gain,

In pot set, the IC switch is connected to the input of the d-c
amplifier, and the summing junction of the input network is
grounded through the OP-HD relay. This allows the attenuators
to be set "looking into" their respective lcads.

Reset Mode -- the purpose of the reset mode is to introduce initial

conditions on the integrator outputs. This can be done only if
the IC voltage, eyc, is connected to the amplifier; therefore the
IC relay must change position. The OP-HD switch remains in the
same position since problem solution is not required at this time.

In the IC mode, the integrator circuit becomes (Figure II-17)

%co

c
1
/1

Figure II-17:

The input network is not shown as it is not physically connected
to the amplifier in this mode.

The initial condition circuit is solving the equation:

de
-9 = (e;qpt e )G
dc IC o
wheree:Ic is a constant voltage and G = _%E' The solution of this

equation is

-t/RC
e, =—ej (1L -e¢e )

(9

indicating that the output voltage equals the
negative of the initial condition voltage after 10 RC time
constants (t = 10RC, e ~10=0), This time constant is usually
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vi.

0.1 seconds, (G = 10); therefore, -eyc appears at the
amplifier output in less than one second.

Operate Mode -- in the operate mode, the OP-HD switch closes and

the integrator operates in the normal manner. In this mode,
the IC switch must return to the ground position to remove the

IC input, and the IC voltage does not affect the integrator out-
put in the operate mode.

Hold Mode -- in practice, it may be necessary to stop a problem
solution, obtain intermediate results, and then complete the
solution. Therefore, a capability of stopping the solution of

a problem without destroying or losing e, is desirable. This is
accomplished by disconnecting the input network. Since the
integrator input is zero, the amplifier output in hold is stored
on the feedback capacitor, and will be constant. '

The capacitors used in analog computers should be of very high
quality to minimize ''leakage" effects on the amplifier output
voltage.

Static Test Mode -- the static test mode is similar to the reset

mode with one exception; special 'reference voltage" terminations
on the patch panel are energized in this mode only. Their
purpose is to provide initial condition voltages for checking
purposes for integrators, whose initial-condition voltages are
zero.

After a problem is mechanized.on the computer, a static check (to
be discussed in a later chapter) is performed to insure that the

patching, etc. are correct.

A zero voltage is not a valid check, however, and, therefore, all

integrator outputs must have initial condition voltages. If, as
in the case of many analog computers, no static test mode exists,
the static check can be performed in the reset mode., Here, one
must connect integrator initial conditions to reference voltage
sources physically and disconnect them after the check has been
completed.

check amplifier

In performing a static check, it is necessary that the net sum
of the input voltages to all integrators be available. (i.e. the
derivatives of variables). Consider an integrator in the reset
mode (Figure II-18):
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Figure II-18: Integrator Circuit in the Reset Mode

The following operations must be performed to read the check
point (derivative) on an integrator:

1) the integrator summing junction ground (through the OP-
HD switch) must be removed;

~ 2) the summing junction must be connected to the input (b)
of the check amplifier which has its own feedback resistor;

and

3) the output of the check amplifier must be connected to a
voltmeter.

The implementation of these operations is either manual, which
places the entire burden on the operator, or automatic, which is
implemented by relays through a pushbutton selector system.

A choice of check amplifier feedback resistors is usually avail-
able to the operator by switching, so that he has a choice of
feedback resistors, 1In the circuit shown in Figure II-19, the
feedback resistor, R, is equal in magnitude to a gain one inte-
grator input resistor, '
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vii.

CIRCUIT CLOSED

EITHER BY MAN- ¢
UALLY PATCHING IOR
OR BY SPECIAL

SWITCHING
°' O AP -

e 20~ ANA- -

Figure II-19:

The necessity for being able to select the proper feedback resistor
is best understood by recalling that only the amplifier outputs

must be kept within the reference voltage range of the computer.

The net sum of several integrator input voltages could be much
greater than the maximum permissable amplifier output voltage.

Since the check amplifier output is subject to the same limitations
as the other amplifiers in the computer, some check amplifier output
voltages (known as check points) will require either amplification
or attenuatiom.

Rate Test Mode -- the purpose of the rate test (RT) mode, which

is found only in the more sophisticated and costly analog computers,
is to check the integration rate of all the integrators in the
computer. For maximum solution accuracy, all integrators must
integrate at the same rate.

In the rate test mode, all integrators are fed from a common
voltage source, through a grounded potentiometer called a rate
test pot, to a gain "one" input on all integrators. - The initial
condition voltage of the integrators is zero (Figure II-20).

There are no open switches between the voltage source and the
integrator inputs (including the operate-hold switch) to eliminate
switch closing - time as a factor in determining integration rates.

In performing a rate test, one normally observes the output of one
integrator on a DVM and integrates alternately in a positive and
then a negative direction (using the three-position switch and the
rate test pot) before removing rate test pot input (center position
of the switch). All integrator output voltages are then monitored
to determine whether or not the capacitors require adjustment.
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Figure II-20:

viii. Slave Mode -- the slave mode is used when more than one computer
console is required in a simulation. If this is the case, all
consoles must change modes simultaneously.

One console is designated as the "master" console. 1Its mode
control will govern the remaining consoles which are known as
"slaved" consoles.

To slave computers to a master console, one must perform two
operations:

1) put the slaved computers in the slave mode, and

2) wusing a multiposition switch, select the master console on
the slaved computers.

The latter function presumes a large, multiconsole installation,
In the case of smaller installations, say, two desk-top, transis-
torized computers, the multiposition switch is replaced by an
interconsole cable which must be connected by the operator.

The slaved computer still must be put into the slave mode.

ix. Tape Mode -- the tape mode is used on large analog computers to
permit computer operation to be controlled from paper or magnetic
tape. This feature is very desirable in a multishift computer
laboratory for quickly setting potentiometers and diode function
generators (using servo-set pots).

Details regarding tape input are beyond the scope of these notes,
However, additional information may be obtained from the reference
handbook for a specific model computer,
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Figure II-21: Linear Component Circuits
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d. Linear Component Summary -- To summarize linear components, several

simple circuits are presented in Figure II-21. It should be recalled
that

1) voltages may or may not appear at the outputs of amplifiers in
the pot set mode (depends on the computer model);

2)

voltages undergo a sign inversion when passing through an
amplifier;

3) the gains of input resistors are their relative magnitudes, when

no feedback resistor is present.

2. NONLINEAR COMPONENTS

a. Multipliers ---To gain an appreciation for the computational capability

realized by being able to multiply two time varying voltages, consider
a "black box" multiplier.

This multiplier accepts two inputs, x and y and produces their
product,



DIVISION

SQUARE ROOTING

-X

' | €= \/x

Figure II-22: Mathematical Operations Performed Using Multipliers

If the multiplier is put into the feedback loop of a high gain
amplifier, the inverse of multiplication, i.e. division, of two
voltages can be accomplished (Figure II-23).

>< |—x

Figure 1I-23.
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Since the sum of the currents feeding the SJ of the amplifier
through the two input resistors must be zero

-y + e X _ 0
Ry Rq
or
R
e -— —2 X = X 1 =
o =+ ( - *% if R1 R2.

One also can obtain the square root of a voltage using a multiplier
in the feedback loop, as indicated in Figure II- 22

Two principles of computer component operation which have been presented

here are worthy of comment. They are:

1) Ainverse operations are performed by placing the nonlinear
component in the feedback loop of a high gain amplifier,

and

2) implicit algebraic operations, where the sum of the input
currents is zero, are performed when a high gain amplifier
is used for inverse operatiomns.

The remainder of this section will be devoted to explaining the
operation of the two types of multipliers commonly encountered in
computing systems. They are:

1) servo or electromechanical multipliers

2) electronic or quarter square (QSM) multipliers, .

Servo or Electromechanical Multipliers -- the operation of the servo

multiplier can be explained best by considering Figure II-24 which
is a schematic diagram of a typical servomultiplier. The servo
amplifier unit, an a-c amplifier, containing an electromechanical
vibrator or 'chopper", accepts two inputs of identical

olarity, x and eg, and, using the "chopper) converts the difference
between these voltages into an a-c error voltage. The error voltage
is amplified and fed to the windings of a two phase motor which is
connected to a potentiometer shaft by a gear train,

If the error voltage is positive, the motor will rotate the shaft in
a positive direction; for a negative error signal in a negative
direction. An audio and/or visual overload alarm is activated by the
amplified error signal fed to the motor windings when the error
signal is excessive. '
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To clarify the positive and negative directions, consider the shaft
driven by the motor and gear train. On this shaft are several wiper
arms which are aligned mechanically. They are not connected
electrically. Each of these wipers rotates inside a cylinderical
wire wound resistor. One of these resistors (often called "cups'",)
is referred to as the "follow-up" cup, and the remaining resistors
are known as '"multiplying'" cups. The positive direction refers to
the plus (+) end of the cups, and the negative direction refers to
the minus (-) end of the cups., Note that the cups each have a
centertap.

e e=error signal
I R
SERVO SERVO \
AMPLIFIER MOTOR | +Y VOLTS :
|
] | X
e L 80= Y5
f=Ke R R
REFERENCE OR MULTIPLYING

FOLLOWUP CUP cup

=Y VOLTS

Figure II-24: Schematic Diagram of a Servo-Mechanical Multiplier

To illustrate how a servo multiplier operates, assume that the input
voltage, x, shown in Figure II-24, is constant., When e = 0,

Note that ef = ke

where k is the fraction of the "follow-up" cup resistance between
the centertap and +e_ termination. Solving for k yields

R
kK = °f
‘R
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Therefore, the voltage at e1s the intersection of R1 and R2, would be
negative, Since the base, b, of the amplifier is at zero potential,
the diode will not conduct because its plate voltage, e;, is negative
with respect to the cathode, and it acts as an open switch,

As x becomes more positive, e becomes less negative until it reaches
zero volts, With a further increase, the plate potential of the

diode is greater than its cathode potential and it conducts,allowing

a current flow to the grid of the amplifier. A voltage appears at the
amplifier output which is proportional to -x.

If x were negative, e, would always be negative and the diode would
never conduct. However, if the bias voltage (—eR) and the diode were

reversed, a negative input voltage would enable the diode to conduct,

Referring to Figure II-26, a function can be approximated by using a
circuit containing a number of diode/resistor networks. The form of the
function is governed by the selection of the bias resistors, R, to Rn’
and the sum of the currents is

C o . C o . _-f x)
ig= 1) + 1, 4 iy + + in Rp

(The nonlinearity of the diodes results in rounded rather than sharp
breakpoints.)

Note that a potentiometer should never feed directly into a diode function
generator since its load would be continually changing.

Common types of fixed DFG's are: xz, x4, log x, 1/2 log x ( = log %),
and sin x/cos x. The sinusoid generator differs somewhat from the others
in that it uses diode switching in the feedback path while the others

use diode switching in the input path,

The conventional programming symbol for a fixed function generator is

IN . f(X)

fix)

FB

where FB, INand O denote patching notation characteristic of a specific
computer system. Some function generation devices of this type require

two external amplifiers; this, again, is dependent on the particular
computer used.
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QSM operation

A QSM, simplified diagram is shown in Figure I1I-27, uses four x% diode
function generator circuits; however, only two of these circuits
operate at any given time. The multiplier requires two plus and two
minus circuits to provide four quadrant multiplication; therefore, card
operation depends on the polarity of the input voltage. Referring to
Figure II-27, and recalling that the circuits have a fixed bias voltage,
the currents are subject to the following constraints:

g
X MINUS
SQUARING
y CARD
PLUS i Re
SQUARING — AN
CARD _ «—ic
>
— - (Z + XY)
..Y .
MINUS 13 <
SQUARING — ?RF
CARD
z
PLUS
SQUARING :
x CARD 4,

Figure II-27: Simplified Schematic Diagram of a Quarter Square
Multiplier.
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eRRF

Since the output amplifier of the multiplier has a feedback resistor,
another input can be summed to the output product by selecting the proper
input resistor. This input can be fed by a potentiometer because the
load is fixed.

Note that the current sum from the cards is

i = xy
erRp
for normal operation. Replacing the normal feedback resistor with a
resistance R< RF attenuates the xy product,

i+ if =0

e, + Xy =o0
K RFeR

e = R Ez
° (R.F €R
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The product may be amplified by introducing a potentiometer, @ , between
the amplifier output and the normal feedback resistor, RF,so that

where @ is less than one,
The programming symbol for a QSM is

+X -X
A B

+y—Y

s T~ INTERNAL
F F B RESISTOR

where A through F represent patching terminations appropriate to a
specific computer. Note that the amplifier feedback resistor is not
indicated; in most computers it is included with.the four squaring cards.
In this instance, the feedback path is a resistor connecting'the E and F
terminations.

In most modern analog computers,the multiplier is simply the squaring cards
and feedback resistor, which means that anywhere from one to three
additional amplifiers are required per multiplication. One amplifier is
required to sum currents and output the product ; the number of

additional amplifiers depends upon the_availability of +x, -x, +y, and

-y (all four inputs are required). Many analog computers have multipliers
with two internally packaged amplifiers, which requires only three

inputs. Computer manuals, reference handbooks, etc., should be consulted
for further information and programming symbol and notation.

The QSM output amplifier, like all amplifiers in a computer system, has
its own visual and/or audio overload alarm.

iii. Choice of Multiplier-~there is often a need to decide which type of
multiplier to use and the specific circuit which will best meet the
problem requirements. Some of the advantages and disadvantages of
the different types are:

Advantages Disadvantages
Servo - Mechanical - Single Turn Potentiometers

a) 1is simple and robust 1) has velocity and accelleration
limitations due to dynamic
response of mechanical components
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b) does not require additional 2) granularity of windings limits
amplifiers resolution

c) can give, per unit, products of a

. . OTE: ires care in pr mmin
number of variables with one other NOTE require programming

to minimize the effect of
d) with tapped potentiometers and a servo dynamics in circuit
padding unit, can be used as a loops.
function generator

Servo - Mechanical - Ten Turn Potentiometers

e) resolution is improved by factor 3) gains resolution at the expense of
of ten compared with single turn response which is decreased by a
device factor between 5-10

Quarter Square Multiplier

a) has higher frequency response 1) may be limited by phése error when
than servo type (essentially flat working beyond 1 Kcps

to several Kcps) ’
2) requires external operational

b) can give up to three separate mul~- amplifiers
tiplications per unit, depending 3)

may require care in programming to
on model. y d prog &

minimize effect of static error
and noise for low voltage inputs

A consideration of the above factors, should serve only as a guide as
to which type of multiplier would be best suited to a specific task.

Resolvers--The primary function of resolvers in a computing system is to
generate the sine and cosine of a variable, convert variables from rectangular
to polar coordinates (or polar to rectangular), and rotate axes in a two
dimensional system. The mathematical relationships required for coordinate
transformation and axes rotation are shown in Figure II-28.

As in the case of multipliers, two types of resolvers are available: servo
or electromechanical, and electronic. However, resolvers differ from
multipliers in the form of their input which can be either an angular
position or the derivative of the angle (rate resolver).

i, Servo-Resolver--A servo-resolver is an electro-mechanical system that
operates in a manner similar to that of the servo multiplier. The
linear multiplying potentiometers of the multiplier are replaced by
potentiometers that are 'Shaped'to produce a sinusoidal variation in
output voltage as the wiper sweeps across the potentiometer.

A simplified diagram of a typical servo resolver (in the PR mode) is
shown in Figure II-29 (note the similarity to the servo multiplier).
The shaft of the servo motor is positioned as a function of the in-
put, 6, by the feedback system, The linear follow-up cup provides the
necessary feedback to null the input to the servo amplifier. Also
attached to the motor shaft are wipers that travel along the shaped
sine-cosine potentiometers.
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x, y to r,6 r, 6 tox, vy
r=r +71,=x Cos 8+ y sin O x =1 Cos O
y Cos 6 = x Sin 6 y = r Sin 6

Coordinate Transformation

\
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|
|
v |
|
1
]

»X
X

¥y, X to u s V

x Cos 6 + y Sin 6

y Cos 6 - x Sin O

Axis Rotation

Figure II-28: The Mathematical Relationships Required for Resolution
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Figure I1r29: Simplified Diagram of Servo Resolver in Polar-Rectangular (PR)
Mcde Inputs -- R & 8; Outputs x & y
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follow-up cup, sine-cosine cup

The sine-cosine cup is a circular, wire-wound resistance element with
four taps spaced 90 degrees apart, Therefore, points '"1" and '"5" in
Figure II-29 represent the same electrical tap. The wipers are spaced
90 degrees apart; therefore, the outputs are R cos © and R Sin 0. If
the polarity of the inputs to points '2" and "4'" are reversed, the
signs of the resolver outputs are inverted, o

Since the resolver outputs are obtained from potentiometers, they are
subject to loading errors. These errors cannot be compensated for by
loading the follow-up cup and sine-cosine cup with equal resistance,
because one pot is linear while the other is non-linear. Instead, the
sine-cosine cup is wound so that it has the correct output when working
into a specific load. The follow-up cup does not require an external
load in the resolver mode.

The follow-up cup is equipped with trim pots so that the maximum available
feedback voltage is 490 volts. Thus, the input voltage representing 6
should not be allowed to exceed +90 volts. When the servo system is
equipped with mechanical stops, these can be positioned to limit the wiper
of the sine-cosine cup as the input voltage ranges from

-90 to 490 volts. 'In this case, the input scale factor for B is one volt
per two degrees, allowing © to vary between +180°. If the system gearing
and mechanical stops are arranged so that the wiper of the sine-cosine

cup makes ten revolutions as the input voltage ranges from -90 to +90
volts, the input scale factor for 6 is one volt per twenty degrees,
allowing 8 to vary between +1800°.

A servo resolver in the Rectangular (Polar-Rectangular, PR) mode is simply
a position servo equipped with a non-linear multiplying cup. Hence,
linear potentiometers can be added so that multiplication can be performed
with the unit servo multiplier. Figure II-29 shows a linear cup (poten-
tiometer) whose output is + A8/100. Note that since 6 is limited to +90 V,
the multiplying cup product is limited to

o A0

90

The servo resolver chassis normally has a neon lamp overload indicator
that will light whenever the servo tracking error exceeds the allowable
limit, Also located on the front of the servo resolver chassis is a dial
which indicates the angular position of the resolver wiper.

The PR mode can be used to generate egp sin © by replacing +R and -R
with reference voltage sources,

A simplified diagram of a servo resolver in the Polar (Rectangular-Polar,
RP) mode is shown in Figure IT-30, Note the polarity of the x and y inputs
to the sine-cosine cups, the use of an external operational amplifier, and
the fact that a voltage proportional to 6 is generated at the follow-up

cup wiper. The vector magnitude, R, is formed at the output of the
operational amplifier. The equation x Sin 6 = y Cos O provides the null
relationship necessary to drive the servo wiper to position o.
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With inputs of + x and 4+ y, the sine-cosine cups will produce -x sin 6',
-x cos O', -y sin 8', and -y cos 8'. The servo will not null unless
@' = 6, Therefore, the servo error voltage, e, is

e = x sin 8' - y cos @'
e =R cos 6 sin ® - R sin 8 cos @'
e =R sin (8 - 8')

or for small values of (8 - 8')
e=R (6 -0")

For accurate computation, the servo must always be close to a null,.
Therefore, sin (8 - 8') can be approximated by (8 - 8'). The servo error
voltage, thus, is proportional to R whereas, ideally, it should be
independent of R and simply proportional to (@ - 8'). Hence, for small
values of R the servo will be sluggish, while for large values of R the
servo will tend to oscillate. To overcome this undesirable effect, the
gain of the servo amplifier is made inversely proportional to R. An
automatic gain control (AGC) circuit, which receives R as an input, will
increase the servo amplifier gain when R is amall, and decrease the gain
when R is large.

The mechanical position of the follow-up cup is a function of 6, and the
voltage on its wiper is equal to 8/2 (for a single turn resolver) provided
the wiper is not loaded. An unloading circuit must be used to provide 6
for computational purposes. All of the sine-cosine cup wipers in Figure
II-30 are feeding either one specified load or an approximately infinite
inpedence (shown or implied). If any of the wiper voltages are to be

used for computational purposes, they must be taken to an unloading circuit.

An unloading circuit that can be used to obtain 8/2 (for a single turn
resolver) in RP resolution without loading the follow-up cup is shown in
Figure II-31.

o.mM* //1 2

A2

05499

\ 4 \l
o
= FrROM 1N o
2 . lA/I > -5

WIPER

*if gain one resistor is 1.0 megohm.
Figure II-31
The unloading circuit (which is essentially a positive feedback system)

functions as follows. Let the wiper voltage be y. We want to make the
current flowing in the 0.1M resistor just equal to the current flowing in
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the 1M input to Al so that no current is drawn from the wiper. Assume a
total gain of K for A2 and the pot, so its output is +Ky, By Kirchoff's
current law, the,

Ky - v = _¥
10° 10°
The solution of this equation yields K = 1,1, calling for a pot setting
of 0.5500 and a gain of 2. Since at this gain the circuit is just on the
verge of instability, a slightly lower gain of the order of 1,09 should be used.

Coordinate transformation is accomplished easily by replacing the +R
inputs shown in Figure II-29 by +x. Another resolver cup on the same
unit is fed by the +y to provide all possible x, y, Sin 6, and Cos 8
products. These variables then may be conbimed to form u and v
coordinates using the algebraic relationships shown in Figure 11-28

A servo rate resolver differs from a position resolver in that it accepts

a rate input, do/dt rather than a position input. It is useful in applications
where O is available and it is not desirable to produce @ by integration.
because the system performs many revolutions and © would have to be

scaled at a small scale factor.

programming symbols

Programming symbols for the three operations described above are shown
in Figure II-32. These symbols differ from linear servomultiplier
symbols only in so far as the nonlinear, sinusoidally-wound cup is
concerned, which is represented by the symbol

CuUP CuUP
INPUTS OUTPUTS
RESOLVER AND
CUP NUMBER
-ii, Electronic Resolvers -- Servo resolvers, like all servo computing

components, can not function efficiently if driven by high frequency
inputs which often occur in practice, The obvious solution to the
frequency response problem is the construction of an all-electronic
resolver using sin 8 and cos O fixed diode function generators,
operational amplifiers, and quarter square multipliers, to solve

the resolver equations presented in Figure II-15,
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RESOLVER NUMBER

R3
—R&LOAD IN MEGOHMS
TYPE OF OPERATION
R SIN &

R COS &

+R

-R
RECTANGULAR (PR) CONVERSION

+X
R3
P BLANK SINCE NO
_I_J LOAD REQUIRED
|
=X R
+Y '
R
3 <
-y F

POLAR (RF) CONVERSION

Additional sinusoidal cup and summing amplifiers required for axis rotation

Figure II-32: Servo Resolver Programming Symbols
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The drawbacks to mechanizing servo resolver circuits using components
available on a computer patch panel are twofold:

1) The non-linear components required to mechanize the resolution cir-
cuits detracts from the problem solving capacity of the computer;

and
2) The sin O and cos O function generators have limited ranges (+ 90°
or + 180° is typical).

The electronic resolver solves both these problems and manufacture's 1it-
erature should be consulted for more detailed information,

A detailed explanation of the electronic resolver is beyond the scope
of this text and will not be presented.

The electronic resolver programming symbol in the polar-to-rectangular
mode 1is

-R +R
X
<
Y
Cos &
and, for the rectangular-to-polar mode
+X =X
+Y R
-Y ©
Coso
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iii.

Comparison of Resolvers -~ as in the case of multipliers, the type
of resolver required to perform a specific computation task must be
defined by the programmer and he must, therefore, be familiar with
their properties. Servo resolvers are desirable because of their
accuracy, and also because several resolutions can be carried on the
same signal at once, as well as multiplication, However, servo re-
solvers are not suited for high speed operation, The choice of rate
resolvers usually depends on whether continuous or limited rotation
is desired. Electronic resolvers suffer from increasing percentage
error for decreasing input levels, but they are capable of operating
at high speeds and generally offer continuous rotation without diffi-
culty,

c. Function Generators---The generation of arbitrary as well as
analytic functions by means of functlon generators normally is
required to obtain variable coefficients or parameters of a
system, or to generate an input forcing function.

The topic of the fixed DFG has been discussed already in detail,
However, there are other functlon generation components whose
theory of operation is worthy of presentation, They are the
Potentiometer Padding Unit (pot padder), variable diode function
generator (VDFG), curve follower and bivariant function generator.
The latter two devices require a familiarity with the x-y plotter
which 18 one type of analog computer readout device.

Potentiometer Padding Unit -- the Potentiometer Padding unit, (pot
padder) provides a means whereby a number of predetermined voltages

can be set up and applied to taps on a servo multiplier potentiometer.
In normal use, a servo multiplying cup is a nearly-linear device, the
output from which is proportional to the position of the wiper, as

shown in Figure II-33, However, if we apply a number of known

voltages to the potentiometer at fixed points along its length, then

the voltage at wiper will no longer be proportional only to its position
but will be dependent on the voltages applied.

A typical pot padder permits the application of 17 voltages at 17 fixed
and equally-spaced points along the potentiometer. As the wiper moves
past these points, it will pick up those voltages which have been
applied and which correspond exactly to points on the desired function,
Between these points the voltage picked up will be approximately
correct, being a straight line approximation (''linear interpolation'')
of values between two points close together on the curve,

A typical pot padder circuit, together with its programming symbol,

is shown in Figure II-34., Note that the pot padder is a separate

unit which converts a standard servo multiplier to a function genera-
tor., The pot padder contains slope polarity and control switches, and
potentiometers which force voltages on tapped cups using complex re-
sistor networks.
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Figure II-34: Function Generator Circuit and Symbols
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ii.

Although the pot padder can feed a wide selection of input resistors,
its follow-up cup is not loaded. ZLoading is accounted for in the
procedure used to set-up the unit,

One advantage of this unit is that it can be used to form the product
of two variables, one of which is generated in the pot padder itself,
as shown in Figure II- 34,

The fact that the taps are equally spaced is sometimes disadvantageous
since functions often have regions where the slope is very steep, and
pot padders are designed with a voltage limitation between adjacent
taps. This restriction is required to protect the multiplier cup
windings.

Variable Diode Function Generators -- it is evident that any reasonably-
behaved, single-valued function can be approximated by straight line
segments if the breakpoints of the diodes and the values of the input
resistors are properly chosen. While, theoretically, it is possible
to achieve any degree of accuracy desired by increasing the number

of segments (crowding the breakpoints), in practice, the non-ideal
switching characteristics of the diodes and other considerations limit
the number of segments used. Also, all fixed DFG's suffer from
constant level errors due to the diode switches and these errors, of
course, are more noticeable at low input levels, It should be noted
also that while a straight line approximation may give a good fit to
the function itself, the slope of the DFG segments do not necessarily

fit the slope of the function equally well. Consequently, differentiation

of a DFG output should not be attempted.

If in a DFG, the input resistors are made adjustable, then it is
possible to select the slope of each segment generated. If, in
addition, the breakpoint of each diode is allowed to vary (by
adjusting the bias voltage), then the operator essentially can

adapt a single DFG to any arbitrary, well-behaved, single-valued
function by selecting b p (break points) and slopeg appropriately. A
DFG provided with b p and slope controls is a VDFG., Figure II-35,
illustrates the basic VDFG arrangement.

In Figure II-35 (a), 215 Zos
networks which control the currents iy, iz, i3. The diode within each

23 represent biased diode

network will conduct only when the input voltage, x, exceeds a certain
value determined by the setting of a BREAKPOINT potentiometer. Thus,

if the input voltage, x, is less than the breakpoint setting of Zj,

the current, i, is zero. If x is greater than the breakpoint voltage,
Xbl, i; is controlled by the setting of the SLOPE potentiometer. By
setting the breakpoint point and slope potentiometers of Z; and Z,

appropriately, one obtains the output curve shown in Figure II-35 (b).

* VDFG, variable diode function generator
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Figure II-35: Simplified Schematic Diagram of VDFG with Typical

The

Output Curve

parallax potentiometer allows a constant voltage (e,,) to be set

into the amplifier as a bias., This shifts the whole curve along the
Y axis, as shown.

Curve Follower -- The addition of a curve follower unit converts

the convential X-Y plotter into a function generator by replacing
the pen with an R-F pick up device, as shown in Figure II-36.

The curve to be generated is drawn in special conducting ink

or wire and a high frequency signal is applied to its ends.

The X arm is driven by the independent variable and the pick-up
device stays close to the curve by correcting the high frequency
signal error. The voltage representing the position of the pick-
up along the Y axis for a given X is the output of the generator.

Figure II-37 contains curve-follower programming symbols, and a
simplified schematic diagram.
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Figure II-36: A Typical Curve Follower
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(a) Simplified Schematic of Curve Follower
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(b) Computer Symbols for Curve Follower to obtain

Figure II-37:
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Bivariant Function Generators -- Generation of arbitrary functions
of two (or more) variables, such as those arising in studies in-
volving aerodynamic functions, presents a formidable problem in
that the analog computer works with only one indepeundent variable,
time. However, a simple 2-variable function generator, commer-
cially available, operates as follows using resistive paper and
an X-Y plotter, Lines of constant Z, where Z = f£(x,y), are drawn
on the paper with low-resistance, conducting paint (silver paint,
for example), and energized by d-c potentials corresponding to
the value of Z., The voltage gradient between these lines is lin-
ear. The X and Y inputs position the pick-up device above the
point (X,Y) where the voltage is approximately Z. This voltage

is picked up and presented as the output of the function genera-
tor. .

Other techniques for 2-variable function generators, using
standard pot padders or DFG's have been developed. However,
these are neither simple nor economical in terms of equipment.

Selection of Function Generators -- LEffective function generation

is essential in the efficient utilization of an analog computer,
and Chapter V is devoted to presenting material on this topic.
The chapter also contains a tabulation of the relative merits of
function generation devices, which should govern the selection of
the proper component to generate a specific function.

3. COMPUTATIONAL ACCESORIES

In addition to linear and non-linear equipment, several other components are
usually available in the modern GPAC. Typical of these are

1) Passive Elements, specifically resistors, capacitors, and diodes

2)

Switching and Limiting Devices, specifically function switches,
comparators, and limiters

a.

Passive Elements -- Resistors, diodes, and capacitors, besides

those incorporated in the amplifier networks, can be used
effectively in transfer function simulation where it is desired
to minimize the number of integrators used. Thus, a single
amplifier can perform first, as well as second and cven third,
degree transfer functions. (See Chapter VIII). Tor convenience,
passive elements are available with patch cord terminations.

Function Switches -- These are used to make programmed changes in

the computer set~up so that several slightly different problems
can be investigated without repatching. The symhole for some
typical function switches are
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L = left
—ou —OL R = right
C A C A C = center
—O—r—— ®
O¢ U = up
—_—290D —_—9R D = down
3 position SPDT horizontal switch 3 position, SPDT vertical switch
C. Comparators - Comparators are either of the relay or electronic

type. The former consists of an amplifier which drives a relay
having at least one set of contacts; the latter comsists of an
amplifier and associated circuitry which produce a binary (two-
valued) signal. The binary signal can be used to control an
electronic switch (usually SPST). Relay comparators have poor
dynamic response - they require milliseconds of time to switch
and often suffer from contact bounce at high speeds. Electronic
comparator-controlled switches are extremely fast - microsecond
response times, no moving parts.

Both types of comparators operate from a pair of input
signals, one of which is usually a constant value. When
x +y > 0, the relay arm moves to close the circuit between the
arm and the contact labeled "+'. (The electronic comparator pro-
duces a signal which would cause the electronic switch to conduct.)
When x +y <0, the closed path is arm-to-minus coniact (or the
binary signal turns off the electronic switch).
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4. PRE-FPATCH PANELS

Analog computers, designed for operator convenience and rapid problem '"turn-
around', are equipped with removable pre-patch panels. This permits patch
boards to be stored pending future investigation, and allows patching and
problem preparation for analog solution while the computer itself is in use
on another problem. Typical patch panels are shown in Figures II-38 and
II-39.

Modern GPAC patch panels, which on first impression appear to be complex @nd
colorful), are in reality quite simple., They are modular in format; there-
fore, one need only become familiar with the patching terminations of few
computer components (i.e. amplifiers, multipliers, etc.) to understand patching
for the complete computing system. The components contained in one module are
duplicated in remaining modules the only exception being the number designation
of each component,

Patch panels (Figure II-39) indicate the gains of input terminations,
summing junctions, relay terminations, etc., of individual components.

The purpose of the color code is to guide the operator in patching. For
example, red terminations are usually component outputs and green terminations
are inputs. Small groupings of patching terminations which are not part of
the basic module pertain to trunk lines (console interconnections), readout
devices, and miscellaneous components such as Noise Generators.

Interconnections between patch panel terminations are made using patch cords
and bottle plugs. Patch cords, which come in various lengths, are color coded
to facilitate storing and patching.

Bottle plugs, which are encapsulated patch cords, are used to interconnect
adjacent terminations, or to perform frequently-occuring interconnections. For
example, bottle plugs are used to interconnect all relay coils, relay-buses,

input networks, and feedback paths associated with an amplifier to convert it

to an integrator. The use of bottle plugs reduces patch panel clutter, and
relieves the operator of making repetitive, commonly-occuring patching connections.

Specific patching connections required to interconnect analog computer components
are a function of the particular computer used. Therefore, one must consult
reference material associated with a computer prior to problem patching.

a. Electronic Digital Voltmeter (EDVM) -- The EDVM shown in Figure II-40
is a precision readout devire that displays the voltage it measures
in all illuminated arabic numerals. It combines speed and accuracy
with high input impedaunce, usually greater than 100 megohms.

Its high conversion speed -- an average of 200 conversions per
second -- permits almost instantaneous readings of slowly
varying voltages. This speed, plus the feature of push-button
readout by which any monitored voltage is displayed on the 5-

digit-plus-sign display panel at the operator's option, reduces
pot-setting time by 50%.
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Figure II-41: 1110 X Y Plotter
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Typical Strip Chart Recorder

.
.

Figure II-42
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X-Y Plotter -- The X-Y plotter is shown in Figure II-41. It

is used to record two variables simultaneously in the form of a
rectangular coordinate graph. It employs two servo systems
similar in principle to that of the servo multiplier. The arm

is positioned by a drive tape driven by an electric motor. This
tape is connected to the wiper of a potentiometer energized by
reference voltage. The wiper voltage is, therefore, proportional
to the arm position. This voltage is compared with the "arm input"
voltage from the computer by means of a different amplifier
which produces an error voltage proportional to the difference
between the two signals. This error voltage controls the servo-
motor, moving the arm in the direction of decreasing error until
a null is obtained. A similar servo-mechanism positions the pen
on the arm in accordance with a second input voltage. The result
is a rectangular plot of one voltage versus another.

The plot is made in ink on paper, the paper being held in position
by a vacuum system. The variplotter table is made of plastic.

In this surface, there are many shallow grooves. At intervals in
in the grooves, holes are drilled through the table and these are
connected to a vacuum pump. The subatmospheric pressure in the
grooves holds the paper in place.

c. The Multi-Channel Recorder--The multi-channel recorder shown
in Figure II-42 employs a moving strip of paper, drawn at
constant speed past a set of pens. Most of the pens are
deflected proportionally to input voltages, and the result
is a set of graphs of voltages as functions of time., Additional
pens, called "event" pens, one at each edge of the paper, produce
timing marks at one-second intervals.

Oscilloscope for Repetitive Operation Displays -- oscilloscopes

are used for computer readout during high speed repetitive
operation which will be discussed in later chapters. In repetitive
operation, solution speeds of 50 solutions per second are typical.
This speed, of course, precludes the use of the X-Y plotters or
multichannel recorders as readout devices.

The oscilloscopes used in computing systems (Figure II-43) have

from four to eight curves displayed simultaneously, and the
capability of cross-plotting.
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Figure II-43: Typical Computing System Display Unit,
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CHAPTER III
ANALOC COMPUTER PROGRAMMING AND CHECKING PROCEDURES

This chapter covers the basic techniques of programming, scaling, and
checking out a problem on a general purpose analog computer. It is
divided into five sections:

A. Programming

B. Scaling

C. Equipment Assignment
D. Documentation
.E. Static Check

Since the most common mathematical models solved on analog computers are
sets of ordinary differential equations, this chapter will concentrate on
differential equation solution. Some information and references on the.
solution of algebraic equations are given in Chapter IV, and partial
differential equations are covered in Chapter XI.

A, PROGRAMMING
1. Example: A First Order Equation

Let us start with a simple first order equation:

dx

rriadi kx (k constant) ¢h)

This equation may describe a number of different physical phenomena, such
as radioactive decay, dilution in a stirred tank, the discharge of a capacitor, 2
first order chemical reaction, and many others.

The two variables in this equation are x and dx/dt. How can we represent
the relation between them with analog components? Clearly, the component
that accomplishes this is the integrator:

T |[> -X

Figure 1

If we feed dx/dt into an integrator, the output will be -x. But where can
we obtain dx/dt? From Equation 1, we see that this is simply -kx. Since.
-x is available at the integrator output, we can use a pot to multiply it

by k:
y k -kx:...g..x._

d%/4¢ w X O dt

Figure 2
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This produces -kx at the output of the pot. Since this is exactly what
is needed at the integrator input, we can provide the desired input by
connecting the pot output to the integrator input:

dx - '
/dtﬂ> _— J\k} —kx=dx/dt

Figure 3

In order to specify the solution completely, we need to know the initial
value of x. (Equation 1 actually has infinitely many solutions — omne for
each initial condition.) TIf this initial value is given, we may implement
it on the computer by means of the IC terminal on the integrator. The
appropriate IC voltage will be achieved by means of reference voltage and

a pot: + Ref
Xo/Ref

d
*/dt | —X

()
-/
k
Figure 4
Note that the setting on the IC pot is xo/Reference Voltage. The pot is
connected to +Reference so that the initial voltage out of the integrator

will be negative.

Note that this circuit produces the output -x., If it is desired to generate
+x instead, this can be done by integrating -dx/dt:

Figure 5

TS

Since -dx/dt = +kx, we can close the loop to obtain Figure 6:

-Ref

X
Ref

"dX/d-t I Fx

()
\_/k
Figure 6
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Note that the only difference between Figure 4 and Figure 6 is that Figure 6
uses minus Reference on the IC pot to obtain a positive initial condition
on the integrator.

The programming technique used in solving the above problem is simply stated

as follows. We start by assuming that dx/dt (or =-dx/dt) is available, and then
integrate it to produce the variable x at the integrator output. We then use
this integrator output to generate the derivative that we started with. The
reasoning appears circular: If we have -dx/dt available, then we can integrate
it to obtain x; if we have x, we can multiply it by k to obtain -dx/dt. Does
this simple approach really lead to a valid solution of the given equation?

Perhaps the best way to see that it does, is to consider what happens if

we put an initial condition on the integrator and put the computer into the

OPERATE mode. For concreteness, assume X, = 5 volts and k = 0.2. Referring
to Figure 6, we see that the initial condition of +5 volts at the integrator
output produces +1 volt at the integrator input. Therefore, the integrator

output will decrease at the rate of 1 volt per second initially,

Of course, the rate of change will not remain constant at 1 volt per second.
As the integrator output decreases, its rate of change will also decrease.
In fact, the rate of change of the integrator output x at any given time
will be proportional to the value of x at that time. If we translate this
last statement into an equation, we obtain:

dx/dt = - kx
which is Equation 1, the equation we started out to solve.

The circuit in Figure 6 is mathematically similar to a radioactive isotope,
an R-C circuit, a stirred tank, or any other system that satisfies the same
equation, Starting with a 5 volt initial condition on the integrator and
watching it integrate down to zero is analogous to starting with 5 grams

of an unstable isotope and watching it decay, or starting with 5 pounds of
salt in a well-stirred tank and flushing it out by forcing a stream of
fresh water through it at a steady rate. The tank, the isotope, and the
computer circuit all satisfy the same equation, and therefore exhibit similar
behavior. Each of these systems is said to be a model or analog of the
others (hence the name '"'analog computer'"). The computer circuit is also
said to simulate the other systems.

2. Example: A Second Order System

As a second example, consider a slightly more complex equation:

ax+bx+cx=0 (2)

where the dot over a variable represents differentiation with respect to
time, e.g. x = dx/dt, and ¥ = d2x/dt2. A spring-mass system with damping,
and an R-L-C circuit provide examples of physical systems described by this
equation.

a. Obtaining the Circuit

This equation may be solved on the computer in essentially the same m